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We propose a method of entangling two spinor Bose-Einstein condensates using a geometric
phase gate. The scheme relies upon only the ac Stark shift and a common controllable optical mode
coupled to the spins. Our scheme allows for the creation of an SzSz type interaction where Sz is
the total spin. The geometric phase gate can be executed in times of the order of 2pi~/G, where G
is the magnitude of the Stark shift. In contrast to related schemes which relied on a fourth order
interaction to produce entanglement, this is a second order interaction in the number of atomic
transitions. Closed expressions for the entangling phase are derived and the effects of decoherence
due to cavity decay, spontaneous emission, and incomplete de-entangling of the light to the BEC
are analyzed.
PACS numbers: 03.67.Lx,67.85.Hj,03.75.Gg
I. INTRODUCTION
The field of quantum information processing (QIP)
promises the next generation of computing technology,
where fundamental logic is governed by quantum me-
chanics, rather than classical physics [1–5]. Currently,
the challenges for building a scalable QIP device are con-
siderable, with a large variety of systems being proposed
for the task [1, 6–14]. The difficulty lies in current lim-
itations in the simultaneous production of robust long-
lived quantum correlations in quantum particles while
producing a scalable system [15–18]. At the most elemen-
tary level, such quantum correlations require the reliable
execution of two qubit quantum gates. Such two qubit
quantum gates have been examined in several model situ-
ations involving quantum dots, microwave potentials, nu-
clear spin system, superconducting qubits, trapped ions
under state dependent forces, to name several examples
[19–29].
For macroscopic objects such as Bose-Einstein conden-
sates (BECs), proposed schemes for entanglement gen-
eration are less developed. The only proposed scheme
for BECs, to our knowledge, involves a photon mediated
scheme for BECs placed in optical cavities [30, 31]. Other
possible methods include those originally formulated for
single atoms, using state-dependent forces [29]. Experi-
mentally, entanglement between a BEC and a single atom
was achieved in Ref. [32]. For atomic ensembles, entan-
glement and teleportation has been performed using a
continuous variable approach [33, 34]. Here, the entan-
glement is in the form of two-mode squeezing in the total
spin variables of the ensembles. Another approach in-
volves using spin wave states, where teleportation was
recently achieved [35]. Besides these, geometric phase
gate approach first introduced for trapped ions [26, 27],
has been shown to be a robust and fast method of creat-
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FIG. 1: Schematic experimental configuration for the geomet-
ric phase gate. Two macroscopic spins (shown as BECs here)
are placed in a cavity such that an ac Stark shift occurs on the
energy levels. The geometric phase gate then performed by
the following procedure. (a) A laser is applied to the cavity
such that both BECs are illuminated, and controlled such as
to follow the evolution |α(t)〉 for a time t = [0, T ]. The phase
(11) is induced at this point. (b) The laser is then applied in-
dividually to each BEC, with the opposite detuning ∆′ = −∆
following the same displacement force F (t). This completes
the geometric phase gate and a SzSz interaction is induced
between the BECs.
ing entanglement between two qubits [36]. The geometric
phase gate is an attractive method for producing an en-
tangling gate from the point of view of its robustness, as
it may tolerate various imperfections such as variations
in the initial conditions of the common bosonic mode
[26]. Here we apply the geometric phase to control the
state of light in phase-space to achieve a fast and robust
SzSz interaction between two different collective spins.
2We show in this paper that by using the geometric phase
gate, entanglement is possible using the ac Stark shift
Hamiltonian, which is a second order process. This im-
proves upon previous works using photon-mediated en-
tanglement such as Ref. [31] which relied on a fourth
order transition to produce the entangling gate.
Creating entanglement between collective spin states,
apart from the perspective of fundamental interest in
macroscopic entanglement [37], is a key element to QIP
based on spin coherent states. Previously we have in-
troduced a scheme of performing quantum information
processing using macroscopic states encoded on two-
component BECs [30]. The basic idea involves using
spin coherent states in place of genuine qubits. It has
been shown that many QIP schemes such as quantum
algorithms [30], quantum teleportation [38], and quan-
tum communication [39] can be performed using such
“BEC qubits”. In order to perform such QIP protocols,
it is necessary to produce entanglement between differ-
ent BEC qubits. Similarly to standard qubits, for uni-
versality the scheme requires at least one and two BEC
qubit control [30]. As coherent control of single two-
component BEC has already been achieved [40], a major
remaining technological issue is in the efficient creation
of two BEC entanglement. We note that the structure
of the entanglement between two spinor BECs has been
recently predicted to display a fractal entanglement (the
“devil’s crevasse”) [41], thus displays interesting physics
in its own right.
II. GEOMETRIC PHASE GATE
A. The Protocol
In order to realize the geometric phase gate for the col-
lective spins mediated by cavity photons, we consider the
following Hamiltonian (see Appendix for a derivation)
H =~ω0a
†a+G(Sz1 + S
z
2 )a
†a
− F (t)√
2
(
aei(ω0−∆)t + a†e−i(ω0−∆)t
)
, (1)
where a is an annihilation operator for a common bosonic
mode, Sz is the total z-spin of the BEC. The first term in
(1) gives the energy of the bosonic mode ~ω0, the second
is an ac Stark shift to the spin states, and the last term
is the displacement operator for the bosonic mode that
is controllable with a time-dependent coefficient F (t).
The basic idea of the scheme is presented in Figure 1.
The two BECs are placed in a cavity and illuminated with
the same controllable laser field of the form of a coherent
state |α(t)〉 [42]. The laser is far detuned from the transi-
tion to an excited state of the qubit, such that there is an
ac Stark shift to the energy level, giving rise to the sec-
ond term in (1). Initially the cavity starts in the vacuum
state |α(t = 0)〉 = |0〉, and it is controlled by the displace-
ment operation such that after a time t = T it returns
to its original state. After this point the BECs become
entangled due to a spin-dependent geometric phase. Let
us illustrate the general procedure by taking the example
of qubits instead of BEC. Assuming the particular case
of initially x-polarized spins, the combined state of the
system is
1
2
|0〉(| ↑1〉+ | ↓1〉)(| ↑2〉+ | ↓2〉) (2)
where |σi〉 with σ =↑, ↓ and i = 1, 2 are the basis states
of the two qubits. The light is then controlled through
phase space (Re(α), Im(α)) in a state dependent way
such that partway through the evolution the light and
the qubits become entangled with light
1
2
(
eiΦ↑↑(t)|α↑↑(t)〉| ↑1↑2〉+ eiΦ↑↓(t)|α↑↓(t)〉| ↑1↓2〉
+ eiΦ↓↑(t)|α↓↑(t)〉| ↓1↑2〉+ eiΦ↓↓(t)|α↓↓(t)〉| ↓1↓2〉
)
, (3)
where Φ is a spin-dependent phase picked up due to the
evolution of the light. By demanding that the state of
light at the end of the evolution is the same as the initial
state for all terms in the superposition, we then have
1
2
|0〉
(
eiΦ↑↑(T )| ↑1↑2〉+ eiΦ↑↓(T )| ↑1↓2〉
+ eiΦ↓↑(T )| ↓1↑2〉+ eiΦ↓↓(T )| ↓1↓2〉
)
, (4)
which is for suitable Φ an entangled state. The procedure
for the BEC is similar, but now the spins are expanded
in terms of Sz, taking eigenvalues [−N,−N + 2, . . . , N ]
[30].
In standard derivations of the geometric phase such as
that given in Ref. [26], state-dependent forces are used to
create the state dependence to the phase ΦSz1Sz2 (T ), thus
the spin-boson interaction comes in the last term of (1),
rather than the ac Stark shift as we have here. Neverthe-
less, we will see that this creates a state-dependent phase
ΦSz1Sz2 (T ), thus creating entanglement. The method
based on the ac Stark shift may also be used for stan-
dard qubits [28, 43], although we shall concentrate upon
the macroscopic spin case in this paper.
B. Entangling phase
We assume that the state of the BECs are ini-
tially unentangled, such that the initial state is∑
Sz1S
z
2
ψ1(S
z
1 )ψ2(S
z
2 )|Sz1Sz2〉. The total state of the light
and the atoms then follows the ansatz
|ψ(t)〉 =
∑
Sz1S
z
2
e
iΦSz
1
Sz
2
(t)|αSz1Sz2 (t)〉ψ1(Sz1 )ψ2(Sz2 )|Sz1Sz2 〉.
(5)
3Substituting into the evolution equation i~d|ψ(t)〉/dt =
H |ψ(t)〉 we obtain (see Appendix for details)
α˙c = i
F (t)
~
√
2
eiΩt,
Φ˙ = − i
2
(α˙cα
∗
c − αcα˙∗c)
(6)
where
Ω = ∆+
G(Sz1 + S
z
2 )
~
, (7)
αc = αe
i[ω0+
G
~
(Sz1+S
z
2 )]t, and we have dropped the Sz1S
z
2
labels on α and Φ for brevity. Starting from an initial
amplitude αc(0) = 0, the above creates a time dependent
displacement according to
αc(t) =
i
~
√
2
t∫
0
dτ F (τ)eiΩτ (8)
We impose that after a time T , the coherent state returns
back to its original state. This requires the condition∫ T
0
dτ F (τ)eiΩτ = 0, (9)
The phase [26, 27] picked up by the coherent state is then
Φ (T ) =
1
2~2
Im
T∫
0
dτ1
τ1∫
0
dτ2 F (τ1)F (τ2)e
iΩτr , (10)
where τr = τ1 − τ2. To show that this is in fact an
entangling gate, we now expand the exponential in G/~
using a Taylor series up to second order. We later give
a concrete example of how (9) may be satisfied, while
justifying the expansion. The phase we obtain is
Φ(T ) = φ0(∆) + φ1(∆)(S
z
1 + S
z
2 )
+
φ2(∆)
2
[
(Sz1 )
2 + (Sz2 )
2
]
+ φ2(∆)S
z
1S
z
2
(11)
where
φ0(∆) =
1
2~2
∫ T
0
dτ1
∫ τ1
0
dτ2 sin(∆τr)F (τ1)F (τ2) ,
φ1(∆) =
G
2~3
∫ T
0
dτ1
∫ τ1
0
dτ2τr cos(∆τr)F (τ1)F (τ2) ,
φ2(∆) = − G
2
2~4
∫ T
0
dτ1
∫ τ1
0
dτ2τ
2
r sin(∆τr)F (τ1)F (τ2) .
(12)
We see that the phase is proportional to Sz1S
z
2 , which is
the entangling operation as desired. There are however
also terms of the form (Szi )
2, which would not be present
for qubits since (Sz/N)2 6= I in contrast to Pauli opera-
tors. Hamiltonians of this form correspond to squeezing
operators [44] and can be of use in quantum metrology
applications [45]. However, for our purposes this is an
unwanted by-product of the geometric phase gate and
require elimination using a suitable procedure.
-1.0 -0.5 0.0 0.5 1.0
-1.0
-0.5
0.0
0.5
1.0
φ
2
δα=0
δα=5
ba
m
a
x
E
/E
  
0 p8
p
4
3p
8
p
2
0
1
αRe
α
Im S   =-2tot
S   =0tot
S   =2tot (x0.5)
/ 0c α
/
0
c
α
FIG. 2: (a) Various trajectories of the coherent states during
the evolution for various total spins Stot = Sz1 + S
z
2 . Param-
eters used are m = 1 and n = 1 and the coherent states are
normalized to α0 =
iF0√
2G
. (b) The entanglement as measured
by the logarithmic negativity E = log
2
||ρT2 || normalized to
the maximal entanglement Emax = log2(N + 1). The initial
states of the two BECs are assumed to be in maximum Sxi
eigenstates, i = 1, 2. The ideal case of δα = 0 is shown for
comparison. The number of bosons N in the BEC is taken to
be N = 20 and δθ = 0.1.
C. Elimination of undesired phases
To remove the undesired terms in (11) we subject
our system with another set of laser pulses obeying the
Hamiltonian
H ′ =
∑
i=1,2
~ω0a
†
iai +GS
z
i a
†
iai
− F (t)√
2
(
aie
i(ω0−∆
′)t + a†ie
−i(ω0−∆
′)t
)
, (13)
where ai refers to the photons in cavity i = 1, 2. Such a
Hamiltonian may be performed by separately illuminat-
ing the BECs (Figure 1b). Performing the same calcula-
tion, the phase that is picked up by each BEC i = 1, 2 is
then
Φ′i(T ) = φ0(∆
′) + φ1(∆
′)Szi +
φ2(∆
′)
2
(Szi )
2. (14)
The phase for each BEC is precisely the same as that in
(11) except that the Sz1S
z
2 is missing. Therefore by ap-
plying the reverse phase φ2(∆
′) = −φ2(∆) we may elim-
inate the undesired terms in (11). This may be achieved
by choosing ∆′ = −∆. The total phase after the two
operations is
Φtot = Φ +Φ
′
1 +Φ
′
2
= 2φ1(S
z
1 + S
z
2 ) + φ2S
z
1S
z
2 . (15)
Our final expression for the phase contains the desired
Sz1S
z
2 interaction, together with a single qubit rotation
term which may be compensated for using single BEC
qubit control. We note that a similar method was pre-
sented in Ref. [46] to create (Sz)2 interactions.
4III. EXAMPLE SOLUTION
We now give an example solution for satisfying (9).
Unlike the original formulation for geometric phase gates
in Ref. [26, 27], in our case Ω is state dependent, so
that (9) must be satisfied for all possible |Sz1Sz2 〉 states.
Choosing
~∆ = 2Gn (16)
where n is an integer, the set of frequencies that Ω take
are then
~Ω = 2G(n−N), 2G(n−N + 2), . . . , 2G(n+N), (17)
where N is the maximal eigenvalue of Sz. Noting that all
the frequencies are even multiples of G/~, Eq. (9) may
then be satisfied by choosing
F (τ) = F0 sin(Gmτ/~)
T =
2pi~
G
(18)
where m is an odd integer. The phases induced by the
geometric phase gate may then be evaluated exactly to
give
φ0 = − piF
2
0 n
G2(m2 − 4n2)
φ1 = −
piF 20
(
3m2 + 4n2
)
2G2 (m2 − 4n2)2 ,
φ2 = −
2piF 20n
(
11m2 + 4n2
)
G2 (m2 − 4n2)3 . (19)
We observe that for n≫ m, the phases decrease in steps
of n. Accounting for the fact that Sz ∼ O(N), the expan-
sion Eq. (11) may be made to converge if n ∼ N . The
remaining parameters F0 and m may then be used to
tune the phase to the desired value. The decrease of the
coefficients φi justifies the expansion made in (10) thus
showing that to a good approximation SzSz interactions
can be implemented while exactly satisfying (9).
In an realistic experimental situation, the control of
the coherent fields |α(t)〉 will not be perfect, which can
arise due to a variety of reasons such as technical noise
and cavity decay. The imperfect control will leave the
coherent state with a remnant component α(T ) 6= 0. In
general this will lead to imperfect disentangling, leading
to decoherence. Figure 2(a) show various trajectories of
the coherent states for various spin states as evolved by
(8) and using (18). Various Sz1 + S
z
2 eigenstates follow
different trajectories, leaving the final state after time
T with a random remnant offset αc(T ) 6= 0. This ef-
fect may be simply modeled by assuming that the |Sz1Sz2 〉
basis state of the BEC becomes entangled with the co-
herent state |δαe−i(Sz1+Sz2 )δθ〉, where δα is the remnant
offset at the end of the evolution, and the phase varia-
tion δθ arises due to the conversion from αc to α. The
dependence of the imperfect disentangling on the entan-
glement may be calculated by finding the reduced density
matrix ρ = Tra|ψ〉〈ψ| where |ψ〉 is the entangled state of
the BECs and the photons after the evolution, and the
trace is over the photon degrees of freedom. Figure 2(b)
shows the logarithmic negativity [47] of the state follow-
ing the geometric phase gate and shows a diminished
entanglement as expected. The effect of the imperfect
disentangling is similar to a Sz-dephasing by diminish-
ing the off-diagonal components of the density matrix.
IV. EXPERIMENTAL PARAMETER
ESTIMATION
We now give some experimental details of our scheme.
The displacement terms in (1) and (13) which realize
the geometric path of the laser in phase space can be
performed using standard quantum optical methods [48].
We thus describe the atomic configuration that would re-
alize the Hamiltonians, specializing to the BEC case. The
quantum information is stored in the hyperfine ground
states of the BEC. For a two-component BEC imple-
mentation as given in [40], states creating the spinor are
|F = 1, F z = −1〉 and |F = 2, F z = 1〉. A circularly po-
larized laser pulse is detuned from the atomic resonance
transition is incident on the atoms [49, 50]. The beam
couples one of the ground states to an excited state giv-
ing rise to an ac Stark shift as given in the second term
of (1).
There are two primary sources of external decoher-
ence in our scheme: spontaneous emission and cavity
photon loss. Considering spontaneous emission first, the
ac Stark shift involves a virtual excitation to an excited
state, which is susceptible to spontaneous decay. For a
effective coupling G =
g20
∆ the effective decoherence rate
is Γeff =
ΓNg20
∆2 [31]. Here g0 is the single atom cavity
coupling, ∆ is the detuning, and Γ is the spontaneous
emission rate. The factor of N arises due to stimulated
emission of the excited state into the ground states. In
order that spontaneous emission does not cause the state
of the BEC to decohere, we require that the time required
for the operation is within the effective decoherence time
1/Γeff. We thus require
~
G
≤ ∆
2
ΓNg20
(20)
which gives the first constraint on the detuning that
should be used
∆ ≥ ~ΓN. (21)
Cavity photon loss will affect our scheme as during
the evolution there are superpositions of coherent states
which depend upon the spin state, as illustrated in Fig.
2(a). While a coherent state |α〉 remains a pure state
even in the presence of loss, superpositions of coherent
5states such as |α〉 ± | − α〉 decohere into a mixture with
an effective rate κeff = κ|α|2 [51–53]. In our case the mag-
nitude of the coherent states is determined by α ∼ F0/G
as F0/~ is the rate of displacement and ~/G is the time
of the evolution. We thus have a second constraint such
that the coherent state superposition does not decohere
during the evolution
~
G
≤ 1
κ|α|2 . (22)
Combining this with (21) we obtain a constraint on the
brightness of the coherent light that can be used
|α|2 ∼ F
2
0
G2
≤ g
2
0
~2κΓN
. (23)
Let us now see how these contraints compare with ex-
perimental parameters. The cavity-BEC coupling may
be estimated using parameters in Ref. [54] and is g0/~ =
1350MHz with a cavity decay rate of κ = 330MHz and
a spontaneous emission rate of Γ = 19MHz. Then for
example, the ac Stark shift assuming a detuning (21)
and N = 103 is G/~ ∼ Γeff ≈ 96MHz, for a detuning
of ∆/~ = 19GHz. The second constraint (23) then eval-
uates to |α|2 ≤ 0.3, which corresponds to rather weak
coherent light pulses, but within experimental feasibility.
For smaller atom numbers the estimates improve as (21)
means that smaller detunings can be used, increasing G.
This in turn increases the photon number in (23) which
allows for larger phases to be generated in (19). Natu-
rally, as the quality of the cavities improve (23) allows
also for brighter coherent states to be used.
V. CONCLUSIONS
In summary, we investigated a scheme for entangling
two macroscopic spin states via a geometric phase gate.
Rather than a state dependent force used in the origi-
nal ion trap formulation of the gate, the scheme is based
on the ac Stark shift which is routinely realized in ex-
periments. One difference between the the original for-
mulation and the present work is in the condition (9)
that must be satisfied in order for the coherent state to
be disentangled at the end of the displacement operation.
Due to the spin dependent frequency Ω, this gives a more
complicated condition that needs to be satisfied. Despite
this, by choosing a suitable form of the force F (t), this
may be satisfied exactly. The timescale of the geometric
phase gate is determined by the ac Stark shift coupling G
which in turn is dependent on the cavity-atom coupling
and the detuning. The main decoherence mechanisms are
cavity photon decay, which provides the common mode
for the BECs to entangle with, and spontaneous emis-
sion of the atoms. It is likely possible to improve upon
the gate time to decoherence time ratio, using alterna-
tive solutions to that presented here satisfying (9). For
example, using very high frequency F (t) would approxi-
mately satisfy (9) as long as frequencies above ∼ GN/~
are used. This would allow for much shorter gate times,
at the price of a larger F0. The many possible solutions
for the geometric phase gate is one of the reasons for
the robustness of the approach, which gives it a degree
of tolerance for experimental imperfections as the phase
Φ is determined by the trajectory on the phase space of
the light. Due to spontaneous emission scaling with the
number of atoms in the BEC N , currently the scheme is
limited to relatively small BECs, around N = 103. For
BECs with small numbers of atoms, the proposed method
is viable with current experimental parameters. As the
qualities of cavities improve, this would allow for the re-
liable production of entanglement between macroscopic
objects, which could be employed for various quantum
information tasks.
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Appendix A: ac Stark shift Hamiltonian
Consider a Bose-Einstein condensate (BEC) placed in
a cavity that is detuned from atomic resonance transi-
tion, and coupling the ground state to an excited state
of the atom. The Hamiltonian describing the composite
system is given by
Hˆ = Hˆatom + Hˆlight + Hˆatom-light, (A1)
where
Hˆatom =
∑
j
∫
dr
[
ψˆ†gj(r)H0ψˆgj(r) + ψˆ
†
ej(r)H0ψˆej(r)
]
,
Hˆlight =
~ω
2
(
aˆ†aˆ+ aˆaˆ†
)
,
Hˆatom-light = −
∑
j
∫
dr ψˆ†gj(r)dj · Eˆ(r, t)ψˆej(r) + H.c.
(A2)
and
H0 = − ~
2
2m
∇2 + V (r) (A3)
is the single-particle Hamiltonian including the confin-
ing potential V (r) of the atoms with mass m. The in-
dices g, e label the ground and excited states of the atom
respectively. We consider that the atoms may possess
6several types of ground and excited states, such as hy-
perfine states, which are labeled by the index j. We will
consider the case of two-component BECs, hence for our
case the sum runs over j = 1, 2. The bosonic field opera-
tors ψˆ†(r) acting on vacuum state create an atom at the
position r. For the photons we work in the single mode
approximation where we consider only the cavity photon
mode, with a being the photon annihilation operator. dj
is the dipole moment of the atom. In the single mode
approximation the electric field operator is
Eˆ(r, t) = aˆE−(r)εe
−iωt + aˆ†E+(r)ε
∗eiωt, (A4)
where ε is a complex unit vector describing the polari-
sation of light, ω is the frequency of the incident light,
E±(r) is the complex amplitude of electric field.
The atom-light interaction Hamiltonian consist of
terms that are energy conserving and non-conserving en-
ergy terms. Making rotating-wave approximation in or-
der to remove the energy non-conserving terms gives
HˆRW
atom-light
= −
∑
j
∫
drψˆ†g(r)dj · Eˆ(+)eiωtψˆe(r) + H.c.
(A5)
where Eˆ(+) = aˆ†E+(r)ε
∗. In the regime of very strong
detuning, the excited states of the atoms are hardly pop-
ulated and therefore can be eliminated adiabatically. The
effective atom-light interaction Hamiltonian as seen by
the atoms in the ground state is
Hˆ int
eff
= −2
∑
j
∫
dr ψˆ†gj(r)
dj · Eˆ(+)dj · Eˆ(−)
~∆j
ψˆgj(r),
(A6)
where ∆j = ωej − ωgj − ω, and dj · Eˆ(−) = E−(r)〈ej|d ·
ε|gj〉aˆ are the dipole transition matrix elements. Assum-
ing all the atoms are in the ground state of the trapping
potential, we may write
ψˆ†gj(r) = b
†
gjψ
∗
g(r) (A7)
where ψg(r) is the wave function of an atom in the ground
state (we assume this is independent of j) and b†gj is an
operator that acts on vacuum state to create an atom
in the ground state. For a two component BEC, the
effective interaction Hamiltonian can be written in terms
of their relative population difference as
Hˆ int
eff
= −
[
G(b†1b1 − b†2b2) + gNˆ
]
aˆ†aˆ, (A8)
where Nˆ = b†1b1+b
†
2b2 is the total atom number operator,
G = G1 −G2 and g = G1 +G2 with
Gj =
∫
dr|E−(r)|2 ψ
∗(r)〈gj|dj · ε∗|ej〉〈ej|dj · ε|gj〉ψ(r)
~∆j
,
(A9)
being the strength of the atom-light interaction experi-
enced by the j th ground state. Rewriting (A8) in terms
of Sz = b†1b1 − b†2b2, gives the ac Stark Hamiltonian.
Appendix B: Derivation of the evolution equations
for the coherent state
The time evolution of the state |ψ(t)〉 is determined by
i~
[
iΦ˙|γ〉 −
(
α˙α∗ + αα˙∗
2
)
|γ〉+ α˙a†|γ〉
]
=
[
~ω0α+ ~G(S
z
1 + S
z
2 )α−
F (t)e−i(ω0−∆)t√
2
]
a†|γ〉
− F (t)αe
i(ω0−∆)t
√
2
|γ〉 (B1)
where |γ〉 = eiΦ(t)|α(t)〉. Now decompose the state
a†|γ〉 into |γ〉 and the state orthogonal to this |γ⊥〉 by
a Gram-Schmidt process. We may now write a†|γ〉 =
A|γ〉+B|γ⊥〉. Substituting this into (B1), we obtain the
equations of motion
i~
[
iΦ˙−
(
α˙α∗ + αα˙∗
2
)]
= −F (t)αe
i(ω0−∆)t
√
2
(B2)
α˙ = −i [ω0 +G(Sz1 + Sz2 )]α+
iF (t)e−i(ω0−∆)t
~
√
2
. (B3)
Making the transformation into the rotating frame αc =
αei[ω0+
G
~
(Sz1+S
z
2 )]t yields the evolution equations in the
main text.
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